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ABSTRACT

The optimal section for a trapezoidal rounded
cornered canal is derived by minimizing the
total area of construction for the given
discharge. Total area of construction includes
flow area and area corresponding to free board
above the water surface. The free board
required to be provided depends on the
discharge of canal. The values of free board for
different canal discharges are recommended by
USBR as well as by Indian Standards. As per
the recommendation of USBR the free board
can also be estimated from the depth of flow
instead of discharge of canal. The paper
develops method for the design of optimal
trapezoidal rounded cornered canal section
considering the free board based on design
discharge of canal as well as the free board
estimated from depth of flow. The method
suggested is based on numerical trial and error
solution.

Key Words: Canal Section, Depth of Flow,
Discharge of Canal, Free Board, Trapezoidal
Section

I INTRODUCTION

Trapezoidal round cornered section is more
efficient than sharp cornered section. The optimal
trapezoidal round cornered section is derived by
minimizing the total area of construction. The total
area of construction includes the flow area and

free board area. The free board is considered as
discharge dependent recommended by IS 4745-
1564 as well as depth dependent recommended by
USBR.

Attempts have been made by various
researchers to derive the optimal sharp cornered
section. The paper deals with consideration of
rounding of the corners in trapezoidal section.

Lagrangian undetermined multiplier technique is
used to derive an optimal trapezoidal round
cornered section corresponding to the minimum
total area of construction which includes flow area
and free board area which can be one of the logical
approach of optimal canal design with
consideration of free board. The method based on
numerical trial and error solution are given in the
paper for designing the optimal trapezoidal round
cornered canal section which taken into
consideration the free board dependent on
discharge as well as free board dependent as depth
of flow.

1. PARAMETRIC RELATIONSHIP
2.1 Geometrical parameter
The flow area A and wetted perimeter P of a

trapezoidal section as shown in fig 1 are expressed
or

A=Dy + 172, +2y° +21yz) — 2" 7y w-oemeemeees )
And
P=b+2yN(I+2z) - 2124+ 21 Zp . (2)

The total area of canal section A; as given by
Az\t:b(y+f)+r222+z(y+f)2+2r(y+f)2172
Where f is free board. ©)

2.2 Flow Equation

For flow computation, Manning’s eqn. is used and
the section factor Z can be expressed as

Z=AR"= Q,/VSo - (4)
Where R = hydraulic radius, Q = discharge, n=
Manning roughness const, and So = bed gradient.

AR = Q,/VSo
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A (AP)# =Q,/ So
(A1 (P)?® = Q,/VSo

[(by + r’z, + zy* + 2ryz; - 2r°20)°] / [(b+ 2y V (1 +
7°) -2 rz; + 2r2,)?*] = Q. / VSo

[y 23 (bly + PPly* * 2, + 2+ 2tly* 2, —2 1% y* *
)11 Iy (b/y +2N(1+2%) -2 tly* z,+ 2 tly*
2)?*1= Qu/V So

B = Qulbly+2V(1+2% -2rlyzi+21lyz,]
2’3//\/80 [bly+r Yz, +z+ 2r1lyzi-21y 74
]53

Taking power 3/8

= Q) [bly+2V(1+2%) -2rlyz,+21lyz,]
Yy (NSo)*® [bly+ (rly)°z,+z+2r1lyz;-2
r2/y2 Z ] 5/8 (5)

y = ®x(Qn/VSo)* (6)
Where @ = f(b/y, z, t/y)

The values of function @ are calculated for various
values of b/y ratio and r/y ratio for the given values
ofz. (z=1.0,15, 2.0)

111. OPTIMIZATION APPROACH

The section factor Z is a function of b, y & z & the
total area of construction A is a function, of b, y, z
and assuming side slopes of the canal is constant
and determined from stability consideration of the
soil. The free board can be considered as a constant
for a given discharge or (discharge dependent free
board) as a function of a depth of flow (depth
dependent free board). The condition for the
optimal cross section of the canal can be obtained
by using, Lagrangian undetermined multiplier
technique as

dZ/db+AdA/db=0 -------m-eeee- @)
And
dZ/db+AdA/dy=0 ----mmm-mmmee- (8)

Eliminating the unknown multiplier A from eq (7)
& (8) we get

dz/db*dA,/dy = dzZ/dy*dA,/db

(dZ / db) / (dZ / dy) = (dA, / db) / (dA, / dy)

[d (AR?®)/db] / [d (AR™)dy] = [dA./ db]/ [dA/
dy] 9)

IV. Design of Canal Section Provided With
Discharge Dependent Free Board.

Je— b——>|

Figure 1 Trapezoidal Round Cornered Section
of Canal with Free Board

4.1 Condition for Optimal Canal Section

It is the general practice of providing free board
based on the full supply discharge. As discharge
remains const in the design free board ‘f* is also
treated as cost parameter.
As
A=by+2ryz;+y*z-2r'z+r’z,
P=b+2yV(1+2z)-2rz,+2rz,

dA/db=y T [ A — (a)
Now considering AR?® and differentiating w.r.to b

(d AR?®) /db = A (2/3) R *dR /db + R**.dA / db
(b)

as, R=A/P

and

dR /db = [P (dA/ db) - A (dP/db)] / P?

from (a) and (b)

dR/db=[(b+2yV(1 + 7% -2z, +212,) y - (by +
2ryz, + Y2 -2 71 + 1°2,)] | P

or

dR/db = [by+2y2\/( 1 +z) 2 12y + 2 1yz, - by
-2ryzy - Y’z + 217 7, - 1'2,) | P?

or,

dR/db=(1PH*QYyN(1+77) - 4ryz, +2ryz, -
V2 Z+2r%2, -2 2,)

Multiplying both sides by AR™*?

AR (dR/db) = (AA™®) 1 (PP )*@2y"( 1 +
%) -Aryz +21yz,- Y2z 4217 7,17 7))

(AR IP P *Q@yN (1 +7°) -dryzy +2
Yz - Y22+ 21 2, —1° 2)
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AR} @R / db) = [(R #® / P]*(2y*N (1 + 2%) - 4 ryz,
+21yz,- Y2+ 21 21 - 7))

Put in (b)

dAR?? db =[2 /3P] * R™® (2 y™( 1 + Z°) -4 ryz, +
2 1yz, - Y’z + 2z, .1’2,)+R?y

=[ R?*/3P] " (4y*V (1 + 2%) - 8ryz, + 4ryz, - 2y°z +
41’2, - 2 1z, + 3py)

= [R* 3p] © [4yN (1 + 7°) - Bryzi+4ryz,-
2y°2+4r°2,-2r° 2,43 (b+2 y N (1 + 2°) -2r2,+212,) y]

= [R¥ 3P] * [4y" (1 + Z9) - 8ryzi+4ryz,—
2y°7+4r°z,-2r’2,+3by+6 y* \ (1 + 7°) -6ryz,+6ryz,]

dAR?®" db = [R?® 3P]* [3by " 10y* V(1 + Z?) -14
ryz,+10 ryz, - 2y%z + 4 1%z, — 2r°z,]--(c)

Again,
A=by+2ryz;+y’z-2r'z,+r’z,
P=b+2y V(1 +2°) - 2rz;+ 21z,

dA/dy=b+2rz;+2yz

dP/dy = 2(1+7%)

R=A/P

dR/dy = (P.dA/dy - A. dp/dy) / P?

dR/ dy =[1/ P? J*[ b+2y V(1 + 7°) -2 rz,+2 rz,)
(b+2rz,,2y7) - (by+2ryz,+y’z- 2r°z,+1r°2,)x2 V(1 +
2%)]

= [1 / P? J*[b%+2brz, +2byz+2by V( 1 + Z°) +

aryz (1 + 2%+ 4y°z (1 + 2% - 2rbz, - 4r’z,% - 4
ryzz,+ 2 thz, + 4r'z,z, + 4 ryzz, - 2by \N( 1 + Z°) - 4
ryzN( 1+ 2% -2z N( 1+ 29+ 4r'zN( 1 +2%) - 2
r’z, N( 1+ z9)]

dr/dy =[1/P?*[b?+2byz +2y°z (1 + Z°%)- 4r’z,®
-4ryziz +21hz, + 41 21z, + A ryzz, + A rf V(1
+7%) -2 2, N( 1+ 2]

Multiplying both sides by AR

AR™ dR /dy = (AA™3 ] P13 )* 1/ P? [b*+2byz
+2y°z (1 + 2% - 4rz,% - 4 ryz,z +2rbz, + 4r’z,2,
+Aryzz, + Ar'z (1 +72%) -2 2, (1 + 29 ]

AR™ dR / dy = (A*® | P¥® )* 1/ P [b*+2byz
+2y°z (1 + 2%)- 4r'z,% - 4 ryz,7 +2rbz, + 41’297, +
Aryzz, + APz N( 1+ 2%) - 22 2, V(1 + 29) ]

= [R?® | P]*[b*+2byz +2y*z N (1 + Z°) - 4r’z% - 4
ryziz + 2thz, + 4 1% 292, + dryzz, " AP o N (1 +
%) -2z (1 +2%)]

as, z1=V(1+2%-2
hence V(1+z9)= z,+ z

= [R?® ] P]* [b2+2byz +2y°z \ (1 + Z°) - 4r’z;% - 4
ryziz+2rbz, + 412 212, + dryzz, + 412 2, (2 + 2)°
212, (z1 + 2)]

AR dR/ dy = [R™/P]* [ b*+2byz +2y’z V(1
+ 2) - Az 4 ryz,z +21bz, + Ar°2iz, + dryzz, +
Az + A2z, - 27142, - 2122, ]

AR™ dR / dy = [R?* P]*[b2+2byz +2y*z \ (1 +
7°) - dryzz, + 4 2z, +2rbz, + 2 1242, * Aryzz, - 2 1

27,]

dAR #* /dy= A2/3* R dR/dy+ R* dA/dy
dAR??/ dy =[ 2 R?®/3P] [b*+2byz +2y?z (1 + Z?)
- drzzyy + 4 rPzzy + 2 thz, + 2r%212, + 4 ryzz, -
2r’zz, 1+ R* (b + 21z, + 2yz)

= [R??/3P]* [2b*+4byz +4y’z \ (1+ Z°) - 8rzz,y + 8
r?zz,+ 4 bz, + 412 2,2, + 81yzz, - 412 22, + 3P (b
+ 2124 + 2yz)

=[ R*3/ 3P]* [2b*+4byz +4y*z (1 + Z%) - 8rzzyy +
8 r’zz, + 4rbz, + 4r°z,2, + 8 ryz 7, - 4 r°zz, +3(b +
2y N( 1 +7°) - 21z, + 2rz5) (b +2rzy +2yz) ]

= [R¥3/3P] "[2b*+ 4byz +4y?z \( 1 + Z°) - 8rzz;y +
8 1’zz, + 4 tbz, + 4 1% 2,2, + 8 1yzZ, - 4 1* 72, +3b?
+6brzy+6byz+6by V(1 +2%)+ 12ryz,N( 1+
) +12y°z\N(1+2%)-6brzy-12 12 z% - 12ryz 74
+6brz, +12r2 2,2, +12ryz z,]

dAR?® / dy = [R*®/3P]*[5b*+10byz +16y*z \( 1
+7%) - 20ryz z, + 8r’zz, + 10 rbz, +20r’z,z, + 20 r
Yz 2Z,- 47 22, + 6by V(1 +2%) + 12ry 2, \( 1 + 27 -
121 ] (d)

From (¢) & (d)

[dARY / db] / [dAR?® / dy] = [3by+10y* V(1 +
2 -14ryz,+10ryz, -2y z+41r° 2, -27 2, ]/]
5b? + 10byz + 16 y* z V(1 + Z%) - 20 ryzz, + 8 r°
7z, + 10rbz, + 20r?2,2, + 20 ryzz, — 4 Pz z;+ (1 +
Z%) (6by + 12 ryzy) - 12 1? 2,? J--memmmmmmmmmm - (10)

Now considering total area of construction At,
At=b(y+f)+rPz+z(y+f)P2+2r(y+f)z,
-2rz

dA;/db = y+f

dA/dy = b+2z(y+f)+2rz;

[dA; /db]/[dA; /. dy] = [y+fl/[b+2z(y+f
) +2rz]

[dA; /db]/[dA /. dy] = [L+fly]/[bly+2z(1
+fly) +2rlyz4]

[dA; /db]/[dA; /. dy] = [1+m]/[b/y+2z(1
+m)+2rly z4] (11)
Equating above expressions (11) and (10) and
rearranging, we will get

(+5m) (bly)’+[6z—4 (1+2°)+ 8rlyz,-4
iy 2y + 2 i’z +(4z + 6N( 1+ Z%) + 10 1ly 2,)
m]bly+[-4zN(1+2% +42%+8rlyzz, +20
iy 212, + 12 tly V(1 + 29 - 12 fy? 22 1 (1 +
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m)-2rlyz; [10N(1+2% -14rlyz, +10rly z,-2
z+47°z, -2 r'ly*z, 1=0

or,

Ki(bly) + K, bly-{[4zN(1+2% -47°-8rly
22,-2000y* 2,2, -12tly z, N( 1 +2%) + 12 rly?
z21x (1+m) + 2[ 10N( 1 +Z%) -14r/yz, + 10 tly
2,-22+4rz,- 2%y’ 2,]1ly 2, 3 =0

Ky (bly)?+ K, bly—K3=0

This is quadratic equ in terms of b/y. The value of
bly is given by

bly = [- Ko+t V(K +4K;Ky)]/2Ky - (13)
Where
Ki=2+5m

Ko=6z—4N(1+2%) +8rlyz,—4rly z,+2
r’ly? 2+ (42 +6 V(1 +27%) +10r/yz,) m
Ky=[4zN(1+2%) -42°-81lyzz,-20 r’ly* 2,2, -
12 rly V(1 + 2°) +12 PPIy? 2] (1+m) +2 rly z4[
10V(1+2)-14r1lyz, +101ly 2, -2 2 + A 1Ply* 7, -2
r’ly* z;] (14)
Equation (13) and (14) will be used to get the
canal section corresponding to the minimum area
of construction.

If free board is not considered i.e. f=0& m =20
value of factor

K: Kz & K3in equ (14) will be

Kl =20
Ky=6z—-4V(1+2)+8rlyz,—4rily*z,+2
Pz,
Ke=[4z(1+27%)—42%-81lyzz,-20 Iy 2,2, —
121ly . N( 1+ 2% + 12 r21y? 2] + 2 rly z, [ 10 V(
1+7% -14rlyz, +10rlyz, 2z + 41y z, -2
iy’ z,] (15)

By using equation (13) and (15) the optimal
trapezoidal round cornered section can be obtained
without considering free board.

4.2 Method Based on Trial and Error

Equ (5) & (13) are used to design the optimal
section of a canal. The procedure is iterative in
nature. Following steps are adopted to get sol.

1. Assume a trial value of b/y ratio.

2. Calculate value of depth of flow of from equ (5)
3. Compute values of func K1 K2 & K3 by using
equ. (14) for given value of z for calculated value
of m=f/yandrly.

4. Calculate value of b/y ratio from equ (13)

5. Compare the calculated value of b/y with
assumed value of b/y if they are same the solution
is correct. If not, change the value of b/y and repeat
steps (i) to IV till the assumed and calculated
values of b/y are equal.

6. The section is designed for the corresponding
value of b/y ratio from equation (5).

V. Design of Canal Sections Provided With
Depth Dependent Free Board

5.1 Condition for Optimal Canal Section

Some times free board f is provided according to
the depth of flow and it is generally expressed as
F=k\y

Where K is const and its value varies bet 0.67 to
0.87 depending on discharge.

Equ (3) can be modified as

A=by+kVy)+rPz+z(y+kVy) +2r(y
+kVy)z -2z (16)
dAt/db =y +k\y

dAt/dy =b(l+k/2Vy)+0+2z(y +kV'y) (1 +k/
2Ny)+2r(1+ki2\y) z,

=b@+ki2\Ny)+2zy+ 1+ k/ 2Ny + kN y + k2
12y)+2r(1+ ki2\Vy) z,

dAt/dy =b(1+k/2Vy)+2zy(1+k?/2y+3
kK2vy)+2r(1+k2Vy)z,

[d At /db] /[d Addy 1=y + kiINy]/[b (1 +k/ 2V
Y)+2zy(1+k?Ry+3k/2Vy) +2r(1+ ki 2V
y)zi]

[d At /db] / [d AJdy ] = [1+kiy] / [bly (1 + k /
2Vy) +2z(1+k2R2y+3k/2Vy) +2rly (1+Kk
2\/)’)21]

[dAt/db] /[d AJdy]l=[1+my] /[ bly(1+
m/2) +2z(1+ m?/2 +3m./2) +2rly(1+
m; /2) z,] @an
Where m; = kINy = creeeees (18)
equating equ (10) & (17) we get

[1+m]/ [bly(1+my/2) +2z(1 + m?/2+ 3
my/2) +2rly (1+my/2)z4]

=[3bly+10V(1+2% -14rly z, +10rly 2, - 2z
+4r°z,-27%2,] 1[5 (bly)>+10blyz+16zN( 1 +
7%) - 20 rly z z, + 8 r¥ly? 7z, +10 rly bly z, + 20
I z12,+201lyz2,-4r%y* 22, + 6 bly N( 1 +
A+12rlyz,(1+29)-12rz2)°

or

(1+my) [ 5(bly)* + 10 bly z + 16 z N( 1 +2°) - 20
rlyzz,+8r%ly* 2z, + 10 rly bly z, + 20 rly* 2, 7,
+20rlyz2z,-41%y 22, + 6 blyN( 1+ 2% + 12 tly
zN(1+7%)-12r%2,%]

=[3bly+10V(1+2%-14rlyz, +101lyz, -2z
+4 17’z -2 2, 1x [bly (1+my /2) + 2z (1 +
m22+3my/2) +2rly (1+my/2)z,]

By rearranging and solving the above expressions

Ki(bly)’+ [6z2-4N(1+2°)-8tly z; 41y 74
+200 2, + (22 +V(1+2%) +51lyz,+4rlyz, -
20z, +1Ply? 2,-3zm; ) my ] bly - K3 =0
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Ky (bly)? + Ky bly — K3 =0

This is quadratic equ in terms of b/y, value of bly
can be expressed as

bly = [ - Ky + V(K 4 Ky Kg)] /2 Kymmmmmmmeee (19)
Where

Kl =2+ 7/2 m;

Ko=6z-4N(1+2%) +8rlyzy- 41y z, + 2 P°ly?
o+ Q2+ V(1 +22)+51ly 2, + drly z, -2 Ply? 2, +
r2/y2 Z,-32 ml) ml]

Ks=[2z(1+m?/24+3my/2) +2rly (1+my/2) z,
1[10V(1+2%) -14rlyz, +10rly 2, - 22 - 4 FIy° 74
-2 2, ]-(1+m) [16z2N(1+2%)-20rlyz z,
+81y 22, +201%y* 2, 2,+ 20tly 2 2, - 4 Iy’ z
2, + 12 tly z, V(1 + 2% - 12 1ly? 2% |---mmmmemn (20)

If free board is not consider ie f =0 & m; = 0 the
values of factors K; , K, & Ksin equ (20) will be

Ki=20

Ka=62z-4V(1+2%) +8rlyzy- 412y z; + 2 rly?
Z

Ke=[2z +4rlyz; 1[10N(1+2%) -14rlyz, + 10
tyz,-22-41°2,-20% 7, -[162V( 1+ 7%
-20rlyzz, +8ry*zz,+20 Iy 2,2, + 20 1ly z
2,- 4022, +121ly z,N( 1 +77) -12 Py 2%

This is the condition for the best trapezoidal round
cornered section corresponding to the minimum
wetted perimeter and without considering free
board.

5.2 Method Based on Trial and Error

The design of optimal canal section can be
obtained by following the same steps as
recommended for discharge dependent free board
case.

Illustrative Example

1) Discharge dependent free board

Discharge Q = 100m? /s

Bed gradient Sp=1 in 6000

Side slopez=1.5

Manning’s roughness constant n = 0.014

Free board f=0.40

(Qn/ VS, )¥8=[100%0.014 /\(1/6000)]*¢ = 5.7968
Iy z12,+201lyz22,-47° 1y 22, +121ly 74
V(1+2%) -12 r21y2 712]

Ks = 7.9633

Assume b/y = 0.0296

@ =[ bly + 2N(1+2%) - 2rlyz, + 2rlyz,)** 1 [ bly
+(tly)? 2, + 7 + 2rly.2,-2(rly)°z,]®

¢ =0.9351

y= ¢ X(Qu/VSo)™

y = 5.42059

m = fly

m = 0.07379

ki = 2+5m

ki, = 2.36895

ko =6z-4\N(1+z%) + 8tly z, - 4(ly)Y? z,
+2(rly)°zo+(4z+67N(1+2%) +10 1y z,) m
k,=5.011859

ks = [ 4zV(142°) - 42% - 8 1ly 7z, - 16(rly)? 712, - 12
rly zN(1+2%) +12(rly)? z,%] (1+m) + 2 rly zq]
10N(1+2%) -14rly zy + 101y 2, — 22 +4 (tly)? z; -
2(1ly)* z2]

ks =0.240711

bly = [-K+V(K +4K1K3)] / 2K,

bly = 0.04698

b=bly Xy

b =0.2546

2) Depth Dependant free board: -

m, =K /y k=fAy m
=0.07379 k=0.1718
Ky=2+7/2m;

Ki=2+3.5ml

K; =2.258265

K2 = 6z - 4\(142%) + 8rly z, -4(rly)’z,+2(rly)?
2+QzN(1+2%) +5 1ly 25+ 4 tly 7, - 2 (tly)? 7
+(rly)2 z; -3zmy) my

K, =0.61989

Ks=1[2z (1 + m?2 +3my/ 2) + 2 rly (1 + my/2) z4]
[1ON(1+z)) - 14 1ly 2, +101ly 2, -22-4 1% y* z, -
2r71y*z,] - (1 +my2) [16 zN(1+2%) - 20 rly 2 z; +
8rily?zz,+16

bly = [-KaHV(K*+4K Ks)] / 2K,

bly = 1.7456

b =9.46218
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VI. CONCLUSION

The conditions for the optimal trapezoidal rounded
cornered canal section considering free board in the
total area of excavation has been developed and the
method based on trial and error numerical
techniques are suggested. Following conclusions
are drawn from the analysis.

1. The discharge dependent free board gives a
narrow optimal section as compared to the best
section for same discharge i.e. obtained section is
with low b/y ratio.

2. The depth dependent free board gives a wider
optimal section as compared to the best section i.e.
obtained section is with high b/y ratio. Proposed
method can be adopted to design the optimal
section with consideration of free board.
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